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The problem of the stability of the equilibrium position of a scleronomic mechanical system is considered. The comparison method
enables this problem to be reduced to the problem of the stability of scalar differential equations. The stability conditions are
found for certain types of scalar comparison equations (Sections 1-4), and the sufficient conditions for the stability of the
equilibrium positions of various scleronomous mechanical systems are determined from these (Sections 5-9). © 2003 Elsevier
Science Ltd. All rights reserved.

1. INTRODUCTION

Consider the scalar differential equation
= a(t) f(u)+G(t,u) (1.1)

wherea:R* - R,f:(0,U) - (0,) (0 < U< +) and G : R* x (0, U) — R™ are continuous functions
satisfying the conditions

t

!)a(s)dssa., VieR*, a,>0 (1.2)
¥ ds
({ oo Vue(0,U) (1.3)

These conditions guarantee the stability of the solution u = 0 of the unperturbed equation u = a(¢)f(u)
(see, e.g. [1]).

In the first part of this paper (Sections 2-4), the problem of the stability of the unperturbed solution
u = 0 for various assumptions with regard to the perturbation G(¢, u) is analysed. In Section 2 the
case

G(t,u) = b(t) f(u)(AF) (1.4)

is considered, where b : R* — R* (b(t) # 0) and ¢ : (0, =) — (0, o) are continuous functions, and the
functions A(t) and F(u) are defined by the equations [1, 2]

A(t)=¢xr{—£ a(s)dS), F(u)=ex z -f‘:s—s)) (1.5)

for a certain & € (0, U).

Remark 1.1. 1t follows from conditions (1.2) and (1.3) that A(f) = exp(-ax) in R, the function F(x) is defined
and strictly increases in (0, U), F(u) — 0 as u — 0. Hence, the function F(u) can be considered as a function of
the Hahn type. As is well known [3], the function y : R* — R*, which increases strictly monotonically with a value
¥(0) = 0, is of this type. We will henceforth denote the class of such functions by K.
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944 G. Cantarelli

In the case when @(s) = sJ‘A(k = const # 0), Eq. (1.1) can be converted to the form

. F k+1 ’
i =a(t) F,((‘;))wm F;‘f(’u) B =b0at, =9

This equation is called the “extended” Bernoulli equation (see, e.g. [4]) and when f(u) = u is identical
with the classical Bernoulli equation.

Theorems of the stability of the solution u = 0 are obtained in Section 3 for the case when @(s) = s*
in Eq. (1.4).

In Section 4 it is assumed that a(f) = 0 in R* and

G(t,u) = B(r)g(u)
where g : (0, U) — (0, =) is a continuous function.

Remark 1.2. Suppose 1) € R* and ug € (0, U) are given. We will denote the solution of the Cauchy problem
u=a(t)fu)+G(tu), uty)=uy
by u(t) = u(t, ty, up) and its maximum interval of existence by I = [¢y, ®), @ < oo, Using the comparison method
it can be proved that in the cases considered

u(t,lg.ug)>0, Veel
and, consequently, if < oo, then u(?, tg, ug) > U ast > .

In what follows, without citing the well-known definitions of stability, we will use the following
definitions.

Definition 1.1. Solution u = 0 is called an equi-attractive solution, if ¥ty = 0,38 € (0, U), Ve € (0, U),
T > 0,Vuy e (0, 8) u(t, to, ug) <gVt=i+T.

Definition 1.2. Solution u = 0 is called an equi-asymptotically stable solution, if it is stable and equi-
attractive.

Definition 1.3. The unperturbed solution u = 0 is called an eventually stable solution, if Ve € (0, U),
IT>0,Vty=T,36 € (0, U), Yug e (0, 8) u(t, ty, ug) < &, Vt = t,.

Definition 1.4. Solution u = 0 is called an eventually uniformly stable solution, if the constant § in
Definition 1.3 does not depend on .

In the second part of the paper (Sections 5-9), the stability of the equilibrium position of a mechanical
system with holonomic time-independent constraints under the action of explicitly time-dependent forces
is considered. Problems of stability are examined for cases when the potential energy is not positive
definite and even not non-negative for a fixed time.

In Section 5 the formulation of the problem is given. In Section 6 differential comparison equations
are formulated. In Section 7 the conditions of stability of the zero equilibrium position of a mechanical
system with respect to velocities are derived, and in Section 8 they are derived with respect to velocities
and coordinates. In Section 9 specific examples are considered.

2. THE CASE OF A PERTURBATION G(t, u) = b(t)f(u)p(AF)

We will consider the equation

i = a(t) f(u) + b(t) f (u)p(AF) 2.1)

depending on the convergence or divergence of the integral

f 4 150 (2.2)
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We define the function

r s * ds
= = 2.3
&(r) ([) o or O(r) { prv (2.3)

for certain ¢ > 0 corresponding to these assumptions (¢ = +oo is also possible). In both cases ®(r) is
a strictly monotonically increasing function, defined in the interval (0, «) with the set of values (0, /)
and (-, 1) (I > 0), respectively.

Lemma 2.1. Suppose toe€ R* and ug € (0, U) are given. Then

AWOFu) =D (®w,) + Blty, 1)), Viel (2.4)

vo = Alto)F(ug), Blto,t)= | b(s)ds

‘o
where @' is the inverse function of ® and u(r) = u(t, tg, 4o) is the solution of Eq. (2.1).

Proof. We will assume that v(t) = A(t)F(u(t)) for any t € I; then from Eq. (2.1) we obtain the following
equality

v =bwew (), Viel
Hence and from Remark 1.1 it follows that v(¢) > 0 in I and this also means that v(t)e(v(t)) > 0

inl.
Further by separating the variables and integrating, we obtain

D (1) - D) = B1y.1)
Below we will denote the class of continuous functions b : R* — R* by L'(R*),

T b(t)dt < 4o
0

Theorem 2.1. If integral (2.2) is diverging and the function b(t) € L(R™), then the solution u = 0 is
StagliS/.Cn the additional assumption
A()< A, =const, VteR*
this stability is uniform. If A(f) — e ast — oo, then the solution u = 0 is equi-asymptotically stable.
Proof. We will fixt, = 0 and € € (0, U) and assume that 8 = 8(tg, £) is a constant satisfying the relation
A(t)F(8) = @™ (B(e™™ F(€)) - Blty, =)
(the constant a« is defined by condition (1.2)). Consequently, we obtain

D(A(ty)F(8)) + Bty 1) < D(e™™ F(e)), V=1, (2.5)

It is obvious that F(8) < F(); consequently, 0 < § < & < U. If the point uy € (0, 8) is fixed arbitrarily,
the function F(u) will be defined at the point ug and A(tg)F(uy) < A(te)F(3). From Egs (2.4) and (2.5)
we obtain the inequality

DA F(u()) < P(e™™ F(g)), Vel

But ®(r) and F(u) are strictly increasing functions and A(t) = ¢™" in /. This implies that u(t) < € in
I'and I = [t, =), and it means that the solution u = 0 is stable.



946 G. Cantarelli

For condition A(t) < A, = const the number 3(¢), 0 < § < ¢, determined from the equation
A F(8) =&~ (®(e™™ F(€)) - B(0,))
does not depend explicitly on 7. Consequently, the stability of the solution u = 0 will be uniform.
We will show that if A(f) & +o for t = +oo, then the solution u = 0 of the unperturbed equation

will be equi-attractive. For this condition for § € (0, U), t, € R* and € € (0, U) a number T =
T(ty, €) > 0 can be found such that

A(DF() = O (D(A(t,)F(8)) - B(ty, =), Vt=t,+T (2.6)
We will fix the arbitrary number uy € (0, U). Since
D(A(ty) Fug)) + Bltg, 1) < D(A(tg)F(8)) + Blty, ), V1t =1,

then, comparing Eqs (2.4) and (2.6) it is easy to obtain that A(*)F(u(f)) < A(t)F(¢), Vt = ty + T and,
consequently, u(f) < €, Vt =ty + T. This concludes the proof.

Theorem 2.2. The solution u = 0 of Eq. (2.1) is unstable for condition (2.2).

Proof. We will fix the number ¢ty € R™, so that b(ty) > 0. Let € € (0, U) be a constant, satisfying the
inequality

e
F(e) < IS:E,){A(I) D7 (B(1, t))} 27

Using the method of proof by contradiction, we will suppose that a uy € (0, U) exists such that u(f) =
u(t, to, ug) < € at [ty, o). Then, using Eq. (2.4) we obtain

;‘% o} (D(A(tg)F(uy)) + B(ty, 1)) < F(€), V> t

which contradicts inequality (2.7).
The following theorem demonstrates that instability does not mean the loss of eventual stability.

Theorem 2.3. If condition (2.2) and also the condition

O (B(ty, ) (AD) >0 as t—eo

are satisfied, then the solution u = 0 of the unperturbed equation is eventually stable.

Proof. From the conditions of the theorem it follows that a constant T = T(g) exists such that

0< D~ (BO,n) < A(t)F(e), Vi=T (2.8)
We will use ¢, = T and denote by & = 3(#, €) < € the number satisfying the relation

A(to)F(3) =07 (B(0,1))
We will fix ug from the interval (0, 8). Since F(uy) < F(3), it follows that
D(A(ty)F(ug)) + B(ty,8) < B(0,1y), Vt=1
Hence, using Eqs (2.4) and (2.8), we obtain
AMFu®) < A(1)F(e), Vi=1,

Consequently u(f) < €in [tg, ).
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The following theorem can be proved similarly.

Theorem 2.4. If inequality (2.2) holds and also

(1) b(t) e L'(R*);

(2) aconstant A; < o exists such that A(f) <4, inR";
then the solution u = 0 is eventually uniformly stable.

3. THE CASE OF A PERTURBATION G(t, u) = B(t)f(u)F*(u)
Consider the scalar differential equation obtained from (2.1) for ¢(s) = s*,

" d
u=a(t)f(u)+P(t)gu), gu)=f (u)eXP{k[ fTi)} 3.1

where B : R* — R* is a continuous function, not identically equal to zero in R*.
Remark 3.1. If ¢ = e is chosen when k > 0, then by the definition of ®(s)
O(s)=-k"'s7*, Ws=0

Since b(r) = B(t)47¥(t), Eq. (2.4) is replaced by the following relation

~1/k

A(r)F(u(:»=[(A(:o)F(uo WE -k B@A | Veel (32)
1

u(ty=u(t.to,up), 19 €R*, uye(0,U)
The following results stem from Theorems 2.1, 2.3 and 2.4, respectively.
Corollary 3.1. If k > 0 and B(1)4™*(r) € L'(R*), then the solution u = 0 of Eq. (3.1) is uniformly
stable. If also A(f) < 4, = const forz € R", then this stability is uniform. If also A(f) — oo for t — oo,

then the solution u = 0 of Eq. (3.1) is equi-asymptotically stable.

Corollary 3.2. If k < 0 and

A“(t)i B(s)A*(s)ds 50 as t— o (3.3)

then the solution u = 0 of Eq. (3.1) is eventually stable.

Corollary 3.3. Ifk < 0, B(f) € L'(R*) and A(t) < A; = const in R* (A; = const < o), then the solution
u = 0 of Eq. (3.1) is eventually uniformly stable.

In addition the following two theorems can be formulated.

Theorem 3.1. Suppose k > 0 and two constants B < o and H = 1 exist such that

1) At (r)°f B(s)A™*(s)ds< B, Vi=0;
2) A(t,); HA(t)), V=0, Vi, =1,
Then the solution u = 0 of Eq. (3.1) is uniformly stable.
Proof. Note that Condition 1 only makes sense in the case, when the function B(A(t) belongs to

the class L'(R*). Hence, by Corollary 3.1 we find that the solution u = 0 is stable. We fix € in the interval
(0, U) and determine the constant & = §(¢) < ¢ from the equality
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k
o-(( ) +ia
F(e)
to prove uniform stability.

Taking into account Condition 1 of the theorem we conclude that for any ty € R* and ug € (0, 8) the
following inequality holds

~1/k

' k
F_k (uo)“ kAk(to)I ﬁ(s)A-k (s)ds > [%) ’ V= to (3.4)
]

Relation (3.2) can be written in the form

-1/k
. !
A(t)F(u(t))=A(to)[F"‘(uo)—kA"(to) | B(s)A"‘(s)ds} , Viel

fo
Hence, taking into account inequality (3.4) we obtain

F(g)

AFu() < A(to)—H—, Vtel

From condition 2 it follows that

A(ty) < HA(t), Vt=1,
and we can conclude that

Fu() < F(g), Vt=y,

The theorem is proved.

Theorem 3.2. We will assume that k < 0, and also that
(1) condition (3.3) is satisfied;
(2) a constant H = 1 exists such that

A< HA®), V430, Vi =1

Then the solution # = 0 of Eq. (3.1) is eventually uniformly stable.

4. THE CASE OF A PERTURBATION G(¢, u) = B(t)g(u)

We will consider the perturbed equation
u=a(t)f(u)+P(ngu) (4.1)

where the continuous function B : R* — R* belongs to the class L'(R*) and g : (0, U) — [0, =) is a
continuous function.

We will assume that a(f) = 0in R*. Consequently, according to Eq. (1.2) a(¢) is a function belonging
to the class L'(R™).

Theorem 4.1. We will assume that the function a(¢)B(z) is not identically zero in R*. Then the zero
solution of Eq. (4.1) is uniformly stable, if and only if

=] —5 e, Vue@U) (42)
o f(&)+g(s)

Proof. For condition (4.2) the zero solution of the scalar equation
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v =(a®)+BONfw)+gw))

is uniformly stable (see, e.g. [1], Corollary 2.1).
From the limit

u < (a(t) + PO f(u) + g(u))

using the comparison method, we conclude the sufficiency.
Suppose condition (4.2) is not satisfied. We will consider the scalar equation

v =Y()f)+gw)); Y(t)=min{a(t),p(n)}, Vi=0 (4.3)
Since the function y(¢) is positive and not identically zero in R™, the solution u = 0 of Eq. (4.3) is
unstable (see, e.g. [1, Theorem 3.1]). But then from the comparison method we also obtain that the
solution # = 0 of Eq. (4.1) is unstable. The necessity is proved.
The following theorem is proved similarly.

Theorem 4.2. 1f in condition (4.2)
I(u) <+, Vue(0O,U)

then the solution u = 0 of Eq. (4.1) is eventually uniformly stable.

We will assume that [8]
£ ds
= — 4.4
8u) f(u)u{! f(s)) (4.4)

where @ : R — R is a continuous function.
The following result is a consequence of Theorem 4.1.

Corollary 4.1. 1f Eq. (4.4) holds and the following integral is diverging

I

=00, Vr>-oo
1+ w(s)

then the solution u = 0 is uniformly stable.
But if this integral is converging, the solution u = 0 is eventually uniformly stable.

5. SCLERONOMOUS MECHANICAL SYSTEMS

We will consxder a holonomic mechanical system § with bilateral constraints explicitly independent of
time. Let g7 = (g4, ..., gv) (N = 1) be the column vector of the independent Lagrange coordinates.

We will denote the kinetic energy of the system S by T = T(q, ). We will assume that it is the bilinear
form of the combined velocities g, positive definite for any ¢, be]onglng to the open connected subset
Q C R, containing the origin of coordinates and also 7 € C'. In addition, it is well known [7, 9] that
a continuous and non-decreasing scalar function o : R* — (0, =) exists such that

T@9=a(q)|qf. ViggeQxRY

where || is the Euclidian norm in the space R".
Suppose certain potential forces act on the system with potential energy

N=I(ttq) MeC(R*xQ), II(10)=0

and non-potential forces
0=0(t.9.9), QeC(R*xQxR")

We will assume that each motion of the system is determined for all 7 = ¢;; in other words, the global
continuity of the solutions of the corresponding Lagrange equations
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- d . : .
= Va7 (4.9 -V ,[T(4.9)-T1(,)]= Q. 4.9) G.1)

holds.
Let V: R* x @ x RY — R* be a certain Lyapunov function. We will denote by V = ¥/(t, g, 4) its
derivative, calculated along the motion, i.e.

V(,9.9) = V,;V(6.0.9)§+ Y, V(.4.9)q + V,(,4.9)

where § is defined by Eq. (5.1) (¥, denotes the partial derivative with respect to t). Note that vV, q,
g) and VW, q, ¢) are column vectors in the notation employed and, consequently, Vv,V q, )4
and V, V¢, q, §)q are scalar derivatives in RV,

Suppose S, = {(g, ) € QxR": |x| <r}, wherer > Oisa sufficiently small real constant and x is
identical with g in Sections 6 and 7 and with (g, ¢) in Section 8.

We will assume that

V(1,0,0)=0, VteR* : (5.2)
V(t,9.9) = Yo x], V(t.9.9)< g(t,V(1,9,9) (5.3)
Y(t,q.9)e R* xS,; Yoek

where g : R* x R* — R is a continuous function. We will also assume in some cases that the function
V(¢, q, q) allows of an infinitesimal upper limit

Vi,g.9<7(q|+|qD. V(t.g.9)eR* xS, (54
We will call the corresponding scalar differential equation
=gt u) (5.5

the comparison equation.
We will give the following well-known properties (see [3, 6, 10, 11]) for the convenience of the reader.

Property 1. 1f the zero solution of Eq. (5.5) is stable (asymptotically stable), then the zero equilibrium
position of system § is stable (asymptotically stable) with respect to x.

Property 2. If the zero solution of Eq. (5.5) is uniformly stable and V satisfies inequality (5.4), then
the zero equilibrium position of system S is uniformly stable with respect to x.

Similar conclusions also hold for the eventual stability.

Remark 5.1. We will assume the uniqueness of all the solutions of the system of Lagrange equations (5.1) and
that the following conditions are satisfied

v, ¢,0)=0, 01,0,0)=0, VreR*

This means that g(t) =0, g(f) =0, i.e., the zero equilibrium position of system S is the solution of the system of
Lagrange equations. Consequently, in this case the eventual stability implies the stability [6].

These assumptions are omitted for the possible extension of the results obtained and only the conditions of
eventual stability are given in the corresponding results.

6. THE BASIC DIFFERENTIAL INEQUALITY

We will assume §; = {g € RY : |¢| < r}. In this section and in Sections 7 and 8 we will assume that
the following conditions are satisfied

(t,9) = -potr(q)), V(g e R* xQ (6.1)

T(9.9)=[v(qD|q|’. V(g.9)eQxRY (6.2)
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07 (1,9.9)¢+ M/ 3t < a() (V) - 26(1)1(| g Dp’(0(tY(| ) (6.3)
Y(,q.9) e R xQ xS,
Here
V(t.9,9) = E(t,q.9)+ 2p(0(t)1( q ) (6.4)
is the Lyapunov function, which is the perturbed total energy
E(t,9,9)=T(q.9)+11(t,q)
We will also assume that
(1) the function p = p(s) belongs to the class C'(R*), p(0) = 0 and its derivative p’(s) is an increasing
and strictly positive function for s > 0;
(2) the function o = o(¢) belongs to the class C'(R) and is strictly positive in R*;
(3) the function T = 1(s) belongs to the class C'(R*), ©(0) = 0 and a constant € > 0 exists such that
T(s)=e, VseR"
(4) the functions @ = a(t) and f = f(s) are defined and continuous in R*, f(s) > 0 when s > 0 and

f i=c>o, Yu>0

o Sf(®

Remark 6.1. Since T(g, §) = [€|¢|]? in Q x RY, conditions (6.1) and (6.2) can be replaced by the following

I(r.g) > -p(o(t)|q]), Y(1.g9)€R* xQ
T(q.9=[e|qN?, V(g9 eQxRY

We will obtain the limit for the derivative V(t, ¢, §) in order to apply the comparison method.
We have
V(t,9.9)< a®)f(V)+20(1)p'(0()1(] 4 DV, t(qDq (6.5)
V(t,q.g)e R* xQx RN
On the other hand, |V,t(|¢|)| = 7(|q]) on Q, and thus it can be seen that
Vilqbi<tqaDIgl V(g9 eQxR"
Consequently, taking into account condition (6.2) we will have
VW qDi<V(t.9.9), V(t.q.9)eR*xQxRY (6.6)
From condition (6.1) we find
o)(qh=p(V(t.q.9), Y(t.9.9)eR*xQxRY
and hence, taking into account that the function p’(s) is an increasing function, we obtain
pO@qD)<(p’op ' XV(1.4.9)), V(t.q.9)eR* xQxRY (6.7)

From inequality (6.5), taking into account inequalities (6.3), (6.6) and (6.7), we finally obtain the
following differential inequality

V<a®f(V)+20(enV(p'op™'XV), V(tg.9)eR* xQXS, (6.8)
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Consequently, taking into account that
V(t.g.9)=€* |47, V(t.q.9)eR* xQxS,

we conclude that both conditions (5. 3) are satlsﬁed forx = g and the corresponding comparison equation
has the form it = g(t, u), where g : R* x R* — R is any continuous function satisfying the condition

a(t)f(s)+20(Ws(p’ o p )(s)=<g(t,5), V(t.s)eR* xR* (6.9)

7. STABILITY WITH RESPECT TO A PART OF THE VARIABLES
WITH RESPECT TO 4

We will define the function ¢ : R* — R™ by the equality
c(t) = max{a(t),26(t)}, YteR*

Theorem 7.1. If c(t) € L'(R*) and

ds

=w, Vu>0 7.1
F&)+ 457 o pTYs) “ (7-)

J(u)= J
then the equilibrium position § = g = 0 of system S is stable with respect to g. If also V¢, g, ) satisfies

condition (5.4), then the stability with respect to 4 is uniform.

Proof. The continuous function g(¢, s), defined by the relation

8(t,5)= cO)f(s)+ Vs (p’ o p7)(s)] (7.2)

satisfies inequality (6.9).
Applying Corollary 2.1 from [1], it is also possible to show that the zero solution of the comparison
method & = g(¢, u) is uniformly stable. Properties 1 and 2 complete the proof.

Theorem 7.2. If c¢(t) € L'(R*) and the integral J(u) (7.1) converges, the equilibrium position
g = q = 0 is eventually stable with respect to 4. If inequality (6.4) holds, this stability is uniform.

The proof, as in the previous case, is derived from the fact that the solution 4 = 0 of the equation
u = g(t, u), where g(t, s) is defined by relation (7.2), is uniformly stable [1, Corollary 3.1]. We will assume

r(u)=

B —

as_
£

and suppose that a continuous function 4 : R — R* exists such that

Vu(p’o p ™ Yu)< fh(r(w)), VueR* (13)
where & > 0 is an appropriately chosen real constant. Consequently
a(Of (W) +26(Wu(p’o p™ )< C(‘)f @1 +h(r(u))), VueR* (7.4)
Since
ds W gy
J +
K= J o+ tenon - L e ek

then the following results can be easily obtained.

Corollary 7.1. Suppose c(t) € L'(R"). If condition (7.3) holds and J;(r) = o, Vr > —oo, then all the
conditions of Theorem 7.1 are satisfied.
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Corollary 7.2. We will assume that c(f) € L'(R*) and Jy(r) < o for r > —eo. Then all the conditions
of Theorem 7.2 are satisfied.

Remark 7.1. We will assume that h(s) < H, Vs € R, where H < oo is a real constant. Then the right-hand side
of condition (7.4) can be replaced by a(1)f(1), where a(t) = a(t) + 2Ho().
1t follows that the zero soluuon of the comparison equation u = g(t, u) is stable when (and only when) the function
a(t) belongs to the class LY(R*). This means, in particular, that the equ:llbnum position ¢ = g = 0 of system §
will be stable (or uniformly stable) with respect to g also when c() L'(R").
Moreover, if
t
[ a(s)ds—- as 1o
0

then the zero solution of Eq. (5.5) is equi-asymptotically stable. [1].
Thus, it can be proved that the zero equilibrium position of system S is equi-asymptotically stable with respect
to g.

Remark 7.2. We will assume that p(s) = s* (n = 1) and f(s) = s. Then inequality (7.3) holds when

-2
h(s)= nexp( —2;-—.?)

Consequently, when 1 < n < 2 we can apply Corollary 7.1, and when n = 2 we can apply Corollary 7.2. The
case n = 2 can also be included in the previous Remark 7.1.

We will consider the case when a(f) < 0, Vi€ R*.

Theorem 7.3. We will assume that a(f) < 0, Vr € R™, the function o(¢) belongs to the class L'(R")
and

£ ds
J = = oo, Yr>0
X0 T =

Then the zero equilibrium position of system § is stable with respect to 4. The stability will be uniform,
if Eq. (5.4) is satisfied.

Proof. Assuming r(s) = p”\(s), it is obvious that

‘Jf ds =’(“) ds
o Vs(Pop X)) o p(®

Consequently, since r(s) — 0 for s — 0, the conditions of the theorem will ensure uniform stability
of the zero solution of the comparison equation.

i =26(t0Wu(p’o p™ )u)

Properties 1 and 2 complete the proof.
The following theorem can be proved similarly.

Theorem 7.4. We will assume that a(f) <0, ¥t € R* and o(t) € L'(R"), J(r) < =, ¥r > 0. Then the
equilibrium position § = g = 0 is eventually stable with respect to 4. If Eq. (5.4) is satisfied, this stability
will be uniform.

We will consider a special case, for which k(s) = s* (k is a real constant) in Eq. (7.3). Consequently,
inequality (6.9) holds, where

&(t,u) = a(t) f(u) + 20(t) f(u) exp(r(u))

We will also assume that the function a(¢) satisfies Eq. (1.2), but the function ¢(¢) does not necessarily
belong to the class L'(R™).

Theorem 7.5. We will assume that k > 0. Then, if 6(t)A™*(¢) € L'(R"), the zero equilibrium position
of system S is uniform with respect to 4.
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Proof. According to Corollary 3.1, the conditions of the theorem ensure that the zero solution of
the comparison equation

u=g(t,u)
is stable. Property 1 completes the proof.

The following theorems are proved similarly, on the basis of Theorem 3.1.

Theorem 7.6. We will assume that Eq. (5.4) is satisfied, k > 0 and also
(1) a constant B < o exists such that

A"(rff o(s)A™*(s)ds<B, VteR"

(2) aconstant H = 1 exists such that

Then the zero equilibrium position of system § is uniformly stable with respect to 4.

Theorem 7.7. We will assume that k < 0 and

A"(:)} o(s)A7*(s)ds =0, 1o
0

Then the zero equilibrium position is eventually stable with respect to 4.
If additionally Eq. (5.4) holds and condition 2 of Theorem 7.6 is satisfied, then the zero equilibrium
position is eventually uniformly stable with respect to 4.

8. STABILITY WITH RESPECT TO (g, ¢)
Assuming S, = {ge Q: |g| <r}, we will suppose that

I, q)=- plo(®t( g +o(q], V(t.q)eR* xS, (8.1)

and also that conditions (6.2) and (6.3) are satisfied for all (1, ¢, 4) € R xS, x S, with the chan%e and
addition that T = 1(s) is a non-negative and non-decreasing function belongmg to the class C'(R*) and
¢ = @(s) belongs to the class K.

Remark 8.1. Inequality (5.1) and condition (8.1) ensﬁre that the inequality
Ving.9)=an|qf +9qD. V(g.9eR" xS xS,

holds and, consequently, Eq (5.3) holds for x = (g, §). Moreover, as in Section 6, it is possibie to obtain a differential
inequality, which differs from inequality (6.8) only in the fact that it holds for all (t, g, §) € R* x S, x S;. Hence,
denoting the function satisfying condition (6.9) by g(t, s), it is clear that Eq. (5.4) also holds.

The followmg stability criteria are essentially similar to the stability criteria with respect to a part of
the variables in Section 7. We will therefore confine ourselves to formulating two theorems, which, in
turn, are obtained from Theorems 3.1 and 3.2. In these theorems
ds

F) +~s(p’ e p™")(s)

J()I

Theorem 8.1. 1f the function c(f) belongs to the class L'(R™) and J(u) = «, Vu > 0, the zero
equilibrium position of system S is stable. Moreover, the stability will be uniform if Eq. (5.4) is satisfied.

Theorem 8.2. If the function c(t) € L'(R*) and J(u) < «, Yu > 0, the zero equilibrium position of
system S is eventually stable and consequently, for the condition (5.4) it is eventually uniformly stable.



The stability of the equilibrium position of scleronomous mechanical systems 955
9. EXAMPLES
Example 1. Consider a heavy particle P of mass m, moving along the parabola
y=x2/2p, z=0 (p=const>0)
in the system of coordinates Oxyz. The system of coordinates Oxyz rotates with an angular velocity 6(1) = o(r)j
(the unit vectors of the x, y, z axes are denoted by i, j, k respectively) around the vertical y axis, relative to the
coordinate system connected to the Earth, which we assume to be inertial. Then
62()=w*(1)-g/p>0, VieR* 'CAY)

Taking the abscissa x as a Lagrange coordinate, we will have

T(x.5) =+ 1+ 12 nen =-Lmo2ma? 9.2)
’ 2 p2 ’ 2
and Q(t, x, %) = 0.

Note that the potential energy is negative near x = 0 for fixed ¢ € R*. Nevertheless, applying Theorem 7.1, we
obtain that if the function o(f) (9.1) is bounded in R* and

T O(t)dt<eo
0

then the equilibrium position x = x = 0 is uniformly stable with respect to x.

Example 2. We will consider Example 1, assuming in addition that an elastic force f = —-kOP is acting on the
particle P, where the time-dependent stiffness k = k(¢) satisfies the inequality

ko <k(t)<mo>(1), VteR*, k. =const>0
Applying Theorem 8.1, it can be shown that if the function
o) = max{ 220 _kyim, 2D _KOIm KO
Tewsoim KO
belongs to the class L!(R*), the equilibrium position ¥ = x = 0 is stable.
Example 3. We will assume w(?) = 0 in Example 1. Additionally we will assume that a time-dependent force

f = ¢(2)i, where ¢(r) > 0, Vr € R”, acts on the (heavy) particle P. The kinetic energy is defined by Eq. (9.1) and
the generalized potential energy will have the form

I, x) = -¢(t)x + -]-ﬂx2
2p

and Q(t, x, ¥) = 0. Applying Theorem 8.2, it can be shown that if the function ¢(¢) is bounded in R* and

? O()dt<oo
0

then the equilibrium position x = x = 0 is eventually uniformly stable. Note that in this case ¥ = x = 0 is not a
solution of the Lagrange equation. Hence, in the given example eventual stability does not ensure stability.

Example 4. Consider a heavy particle P of mass m, moving along the curve

4 7
y=31xt4, z=0

in the system of coordinates Oxyz, connected to the Earth; the y axis is vertical. We will assume that a time-dependent
force f = m(t)j is acting on the particle, where

®>g (=0, VreR*
We have

T=%m(l+|x|%)£2, n('»x)=-;m(¢(t)-g)|x|%, Q(t. x,x)=0
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Applying Theorem 7.4 it can be shown that if

[ 00)- )" di<oo
0

then the equilibrium position X = x = 0 is eventually uniformly stable with respect to x. In this case x = x = 0 is
the solution of the Lagrange equation

%y i X .9 _ X
(I+] x| )x+4|x'%x +(g ¢(t))|x|% 0

but the sufficient conditions for the uniqueness of the zero solution are not satisfied.

[N

O AW

10.

11.
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